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where the higher order terms in the asymptotic expansion are iden-
tically zero as the zero-order terms give an exact representation of
the exoatmospheric Keplerian motion. Equations (11) may now be
integrated to give the exact outer solution as

"o = "oo + l+h
woo

VMOO(! + h)2 + 2(1 + h)

ra0 = moo

(12a)
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Clearly the projectile mass is constant during exoatmospheric flight
as expected.

To now determine the integration constants of the outer solution,
MOO, MOO, and moo, an asymptotic matching procedure must now be
used. Matching the inner and outer solutions, the unknown outer-
solution integration constants are obtained in terms of the inner-
solution constants. The inner constants may then be related to the
projectile initial conditions.

Composite Solution
Matching the inner and outer solution constants,3'4 it is found

that the uniformly valid composite solution representing ablative
projectile motion may now be written to lowest order as

x p(}{e -h/e _ -fc 2h
l+h

(13a)

drag loss during ascent through the lower atmosphere. On exit from
the atmosphere the projectile follows a ballistic Keplerian arc, as
expected. Similarly, the projectile mass falls rapidly as material is
thermally ablated in the lower atmosphere, Fig. 2. On exit from the
atmosphere the projectile has a constant residual mass.
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(13b)
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where the inner velocity solution M() is obtained fromEq. (9a). These
solutions are uniformly valid in the entire domain of projectile mo-
tion and represent an ablating ballistic projectile trajectory to lowest
order in e.

Implementation
The composite solutions defined by Eqs. (13) will now be used

to compute the trajectory of a hypervelocity ablating projectile. As
a numerical example, a projectile fired from sea level with a launch
tube elevation of 45 deg will be considered. For ease of illustra-
tion the projectile parameters have been chosen (77 = 2.56 and
CD — 0.1) to induce rapid ablation of the projectile during its
atomspheric pass. The velocity profile shown in Fig. 2 shows rapid
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Introduction

L AWDEN1 first solved the problem of optimally transferring
between two coplanar ellipses whose size and shape are

identical but whose lines of apsides are not aligned. Marchal2

showed that a two-impulse transfer is optimum when the eccen-
tricity is less than 0.535. Lawden's solution provided the true
anomaly of the impulse point and the impulse direction of the
two symmetric impulses. Unfortunately, his solution required the
iterative satisfaction of six simultaneous equations. These equa-
tions do not readily provide insight into the effect of eccentric-
ity, say, on the impulse magnitude. Other studies have attempted
to overcome this drawback by finding approximate solutions us-
ing various simplifying assumptions. For example, Bender3 and
Kuzmak4 both obtained simpler solutions by assuming that the
two impulses are separated by 180 deg. Karrenberg5 solved for
the impulse location and magnitude by assuming that the im-
pulse direction is tangential. In addition, the solutions of both
Kuzmak and Karrenberg are restricted to low-eccentricity or-
bits.

Many three-axis stabilized spacecraft employ a vehicle-fixed co-
ordinate frame where one axis points toward Earth's center. A sec-
ond axis, orthogonal to the first and lying in the orbit plane, usually
defines the thruster pointing direction. From a practical viewpoint,
then, it would be useful to have a solution to Lawden's problem
where the impulse direction is circumferential and where the results
are obtained explicitly rather than iteratively.

Analysis
Given an ellipse of semimajor axis a and eccentricity e, the prob-

lem is to rotate the line of apsides through an angle A&>. Following
Lawden, assume that the transfer is accomplished by two symmet-
rical, equal-magnitude impulses, each of which rotates the line of

Fig. 2 Projectile velocity and mass profile.
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apsides by Ao>/2. However, the direction of these impulses is as-
sumed to be circumferential. At the first impulse point, the energy
equation gives

v,2 = K2 + K2(i-«M) CD
where V is the velocity, the subscript t refers to the transfer orbit, a
lack of subscript refers to the initial orbit, and the circular velocity
Vc is defined by

where /x is the gravitational constant.
Solving the velocity triangle at the first impulse point gives

V2 — V2 + (AV)2 + 2VAVcosy (2)

where y is the flight-path angle. The angular momentum equation
gives

V cos y = Vc(l + e cos /)/\/l - (3)

where / is the true anomaly. Equations (1) and (2) can be used to
eliminate Vt, yielding an equation that is quadratic in A V but that
also contains the transfer orbit semimajor axis. From the constancy
of the radius at the first impulse point, one obtains

a
at

(l-e,2)(l+ecos/)
(4)

where ft = /—A&>/2. Similarly, the constancy of the radial velocity
at the first impulse point gives

e] sin2 ft (I + e cos /) = e2 sin2 /(I + et cos /,) (5)

Assuming that the initial orbit eccentricity is small, one can solve
Eq. (5) for the transfer orbit eccentricity in terms of e. Dropping
higher order terms of e yields

esinf ^ e2 sin2 / cos ft

sin2/,(l
(6)

Equations (4) and (6) can be used to eliminate a/at and et from the
quadratic equation for A V, yielding

where C is of order e and is given approximately by

esin(Acu/2)[l + ecos f + £e sin//tan/,]

-*) sinin/,]

Again dropping higher order terms of e, one obtains an explicit
equation for the total A V for the two-part maneuver:

Vc

where F is defined by

1 esinf
2 tan(/ - sin(/ - Aco/2)

(7)

(8)

Equation (7) shows that the normalized total impulse is not only
independent of the semimajor axis but also varies linearly with ec-
centricity and with A&> for small eccentricities and small rotations
of the line of apsides.

The optimum true anomaly for the first impulse is found by dif-
ferentiating Eq. (7) with respect to / and setting the resultant ex-
pression equal to zero, giving

/opt « 90+-— -,9Q
2 1 + \e sin( Aw/2) (9)

Equation (7) is similar to the expression obtained by Karrenberg
for the total A V. For very small e, Eq. (9) reduces to Karrenberg's
optimum true anomaly as well.

Results
The total normalized AV is shown in Fig. 1 for all possible

changes in the line of apsides and for several orbit eccentricities.
For comparison, the Lawden optimum and the tangential impulse
results of Karrenberg are included. It is seen that Eq. (7) provides a
more accurate representation of the Lawden solution than the tan-
gential impulse results. For many applications, the penalty for using
circumferential impulses rather than the Lawden optimum solution
is vanishingly small.

The optimum location of the first impulse for the case where
e — 0.3 is shown in Fig. 2. Equation (9) gives a solution close to
the Lawden optimum, whereas the tangential impulse location is
less accurate. Similar results are obtained for other eccentricities.
From symmetry arguments, the true anomaly of the second impulse
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is equal to (360 — /opt). Clearly, the two impulses generally are
not separated by 180 deg. Hence, one would expect that the solu-
tions of Bender and Kuzmak for A Vtotai would be less accurate as
well

Conclusions
The use of the two circumferential impulses to rotate the line

of the apsides without changing the semimajor axis or eccentricity
produces results that are in very good agreement with Lawden's
optimal solution. Insight into the effect of eccentricity or line of
apsides change is obtained from the simple approximate expressions
for the magnitude and the location of the impulses.
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